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Abstract 
The stress intensity factor (SIF) and T – stress are important parameters when estimating the residual life in structures with cracks. In this 
study, the finite element method was used to calculate the SIF and T – stress. High order elements were employed at the crack tip to 
represent displacement behavior. Computation of crack characteristics (K factor and T – stress) in three dimensional specimens is 
presented. The stress intensity factor is determined by processing of the displacements around the crack tip. Different methods have been 
used for calculating the T – stress. Crack characteristics, as a function of distance from the crack tip across the specimen’s thickness, is 
given here. 
© 2012 The Authors. Published by Elsevier Ltd. 
Selection and/or peer-review under responsibility of the Branch Office of Slovak Metallurgical Society at Faculty of Metallurgy and 
Faculty of Mechanical Engineering, Technical University of Košice. 
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Nomenclature 
IK  mode I stress intensity factor 
ϑ  angular coordinate 
r   radial coordinate 
rrσ , ϑϑσ , ϑσ r  stress components 
iu  displacement in i  direction  
T T  – stress – constant term in the Williams stress series expansion 
ν  Poisson ratio 
G  energy release rate 
μ   shear modulus 
1. Introduction 
Fracture is the primary threat to the integrity, safety, and performance of nearly all highly stressed mechanical structures 
in engineering. Failures due to fracture can have major negative consequences, including serious injury or loss of life. After 
loading the solid structure with the existing crack, the crack growth occurs at the specific load with two fracture areas. Finite 
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element method is the most widely used numerical approach to determinate stress, strain and displacement fields for 
simulations of an arbitrary model. 
Fig. 1. Crack in an infinite plate. 
Theoretical solutions of component for stress tensor and displacement vector around the crack tip exist only for an 
infinite plate. When considering the first singular element of Williams’ series expansion only, the elements of stress tensor 
are 
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where r  is radial distance from crack tip, ϑ  is angular coordinate, IK  is the stress intensity factor for mode shape I, IIK  is 
the stress intensity factor for mode shape II, T is the T – stress.  
Fig. 2. Various modes of fracture. 
Different methods have been used for calculating the T – stress. From Eq. (3) the T – stress can be calculated in terms of 
stress components as follows 
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Conventionally used finite element software is based on deformational variant of finite element allowing displacements 
to be calculated more accurately. For various modes of fracture the displacement field can be determined by the SIF as 
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Where νκ 43 −=  in the case of the plane strain, )1/()3( ννκ +−=  in the case of the plane stress, μ  is shear modulus, 
υ  is Poison ratio, u , v , w  are components of a displacement vector in the local coordinate system. From the computed 
displacement field the stress intensity factor iK  can be computed from the system of Equations (5), (6), (7) for choices r , 
ϑ . 
For the special choice of πϑ = , the system of Equations (5), (6) will be split into three separate equations. The IK  can 
be obtained directly from Eq. (6),  the IIK  can be obtained directly from Eq. (5) and similarly  the IIIK  can be obtained 
directly from Eq. (7). 
It is necessary to mention that the Equations (1) – (7) were obtained on the assumption of a 2D infinite plate. Equations 
(5) – (7) used for calculation of iK  give higher value in comparison to the real value.
2. Example of calculations 
The finite element model of CT specimen was constructed for numerical simulations (Fig. 3). Symmetrical boundary 
conditions were considered; tension load was applied in cylindrical part of the specimen. Consequently the stress intensity 
factors IIK , IIIK  should be equal to zero.  
Fig. 3. Finite element model employed, detail of FE model around crack tip. 
In the Fig. 4 (a) the relationship of the stress intensity factor depending on distance from the crack tip is shown. Stress 
intensity factors were calculated from displacements in the center plane of specimens. For this calculation νκ 43−=  was 
used. The κ  is equal to ν43−  in the case of plane strain; however the plane strain condition is not satisfied (the conditions 
of the plane stress are satisfied on the top and bottom of the contour).  
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Fig. 4. Behaviors of the stress intensity factors for (a) νκ 43−=  and (b) )1/()3( ννκ +−= . 
In the Fig. 4 (b) one can see that smaller value of the stress intensity factors iK  can be obtained for the same procedure 
and for processing of the same displacements in the case of )1/()3( ννκ +−= . 
The differences are negligible when comparing the results of calculations considering νκ 43−=  and )1/()3( ννκ +−= . 
On the Fig. 4 (a) and Fig. 4 (b) one can note relatively high value of the stress intensity factor IIK . The IIK  is assumed to 
be zero or negligible for this specimen shape and for this type of loading. To assess the stability of the crack, the crack 
driving force can be determined by formula 
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Characteristics of the crack driving forces depending on the distance from crack tip 0=ϑ  are presented in the Fig. 5 (a). 
It is obvious that IIG  a IIIG  are negligible in comparison to IG . This is caused by quadratic formula in equation (8). 
Fig. 5. (a) Characteristics of crack driving force for νκ 43−= , (b) Characteristics of stress intensity factor for mm5,1=r , νκ 43−= . 
It is useful for a body with a more complex shape under arbitrary load to calculate the fracture characteristics along the 
crack tip line. This example represents a simple model with crack; in general, however, it is not easy to determine critical 
location along the crack tip line.  
In the Fig. 5 (b) characteristics of the stress intensity factor depending on the direction along the crack are presented. 
Radial distance from the crack tip was defined at 1, 5 mm. Data for the center of specimen are plotted on the left part of the 
graph, data for the contour of specimen are on right part of the graph. 
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The result value of the stress intensity factors on the contour of specimen (h=12 – right part of the graph – Fig. 5 (b)) are 
distorted, because νκ 43 −=  was used in calculations (plane strain), and the plane stress condition is satisfied on the 
contour ( )1/()3( ννκ +−= ). 
Fig. 6. (a) Characteristics of T stress for νκ 43−= , (b) Detail of characteristics of T stress for νκ 43−= , regression curve for selected values. 
3. Conclusion 
In the Fig. 6 (a) behavior of T – stress depending on the direction along the crack is presented. T – stress was calculated 
by Eq. 4. This behavior is not constant as the calculated CT specimen is not an infinite plate but the body with finite 
dimensions, and the stress nearest to the crack tip is calculated inaccurately (for numerical reasons). It is recommended to 
interpolate from the values of the same interval as in the calculation of the stress intensity factor IK  for T – stress 
calculation. In the Fig. 6 (b) the characteristics of T – stress (for νκ 43−= ) depending on the direction along the crack are 
presented in detail. The values of T – stress selected for interpolation are marked with empty circles. Procedure for 
calculation of the stress intensity factor in 3D dimension was presented. The results show that finite element method can be 
a useful tool for calculation of the crack characteristics in fracture mechanics. 
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